We study symmetry and holomorphy of the second member of the second Painlevé hierarchy P (2) II .
Introduction
In this paper, we study symmetry and holomorphy of the second member of the second Painlevé hierarchy [1, 2, 3, 13] explicitly given by where a i are free parameters and t 0 is an initial condition.
In this paper, we will show that these solutions u 1 , u 2 are convergent series. It is still an open question whether the solutions u 3 , u 4 are convergent series or not.
take the system to the Hamiltonian system
with the polynomial Hamiltonian (cf. [2] )
where
is the Painlevé I Hamiltonian.
This system is a 1-parameter family of coupled Painlevé I system. This Hamiltonian is new (cf. [2] ).
We also study symmetry and holomorphy of the system (3). We find a new Bäcklund transformation:
We also show that this system admits extended affine Weyl group symmetry of type A
1 as the group of its Bäcklund transformations. The properties of its symmetry and holomorphy are new.
We note that the Bäcklund transformations of this system satisfy Noumi-Yamada's universal description for A (1) 1 root system. Since these universal Bäcklund transformations have Lie theoretic origin, similarity reduction of a Drinfeld-Sokolov hierarchy admits such a Bäcklund symmetry.
It is still the following open questions on the system (3):
1. Are the solutions u 3 , u 4 the convergent series?
2. Relation between Mazzocco's Hamiltonian (see [2] ) with (4).
3. Special polynomials.
Reduction involving the A
1 -symmetry.
5. Bilinear form.
6. Classification of the rational solutions or special solutions.
7. Irreducibility.
8. Discrete version.
9. q-Analogue.
10. Quantum version.
11. The remained members of P (n)
II .
2 Symmetry and holomorphy of the system (3) 
We assume that (A1) deg(f i ) = 2 and deg(g i ) = 2 with respect to q 1 , p 1 , q 2 , p 2 .
(A2) The right-hand side of this system becomes again a polynomial in each coordinate system r i : (x i , y i , z i , w i ) (i = 1, 2) :
Then such a system coincides with the system (3). 
Proposition 2.2. Let us define the following translation operators (5)
T 1 := πs 0 , T 2 := s 0 π :
and
These translation operators act on α 2 as follows:
Special solutions
In this section, we study a solution of the system (3) which is written by the use of known functions. By the transformation π, the fixed solution is derived from
Then we obtain (8) (q 1 , p 1 , q 2 , p 2 ; α 2 ) = 0, − t 2 , 0, 0; 0 as a seed solution.
Applying the Bäcklund transformations T 1 , T 2 , we can obtain an infinite series of the rational solutions:
The system (3) with special parameter α 2 = 1 2 admits a particular solution expressed in terms of the Painlevé I function (q 2 , p 2 ):
We also study symmetry and holomorphy of the Hamiltonian system explicitly given by
with the polynomial Hamiltoniañ
p is the Painlevé I Hamiltonian.
Proposition 3.1. The rational transformations r 1 take the system (4) to the Hamiltonian system (11).
Proposition 3.2. Let us consider a system of first order ordinary differential equations in the polynomial class:
(A2) The right-hand side of this system becomes again a polynomial in each coordinate systemr i : (x i , y i , z i , w i ) (i = 1, 2) : .
Then such a system coincides with the system (11). 
polynomial type:
This system is a Riccati extension of the system (3).
In next section, we present symmetry and holomorphy of the system (14).
Differential system of Polynomial type
At first, we make the equation (13) . After differentiating once, we obtain
We can express w by using the variables
After differentiating again, we obtain
We can express z by using the variables
We can express y by using the variables
We can express x by using the variables
After differentiating, we obtain the equation (14) .
In order to consider the phase space for the equation (14), we make the rational transformations.
Theorem 5.1. The rational transformations
take the system of rational type to the system (14) of polynomial type.
6 Symmetry and holomorphy of the system (14)
Proposition 6.1. Let us consider a system of first order ordinary differential equations in the polynomial class:
We assume that (A1) deg(f i ) = 2 with respect to x, y, z, w, q.
(A2) The right-hand side of this system becomes again a polynomial in each coordinate system r i : (x i , y i , z i , w i , q i ) (i = 1, 2, 3) :
).
Then such a system coincides with the system 
Special solutions
In this section, we study a solution of the system (14) which is written by the use of known functions. By the transformation π, the fixed solution is derived from 
